Math 217 Fall 2025
Quiz 21 — Solutions

Dr. Samir Donmazov

1. Completd] the partial sentences below into precise definitions for, or precise mathematical

characterizations of, the italicized term:
(a) Let B = (vy,..

v are ...

.,Uq) be a basis for the vector space V. Let v € V. The B-coordinates of

Solution: The unique scalars aq,...,aqs € R such that

vV =aiV; + -+ aqug.

(b) Let B = (vy, ..

column wvector of v is ...

.,vq) be a basis for the vector space V. Let v € V. The B-coordinate

Solution: The column vector formed from the B-coordinates of v:

a1

€ Rd, where v = ajv; + - -+ + aqvq.

[v]ss

(c) Let T : V. — V be linear and B = (vy, ...
with respect to B is . ..

,Un) an ordered basis of V. The matriz of T

Solution: The n x n matrix [T']g whose j-th column is [T'(v;)]wm; i-e.

2. Suppose V is a vector space and vy, vg, ..
v eV \ Span(vy, ..

., Upp) if and only if the vectors v, vy, ..

., U, are linearly independent vectors in V. Show that
., Uy, are linearly independent.

Solution: (=) Suppose v ¢ Span(vy, ...

Up) and av 4+ Y"1 bv; = 0. If a # 0, then

1"
v = —a szv% - Span(vh v ,Um),
=1

*For full credit, please write out fully what you mean instead of using shorthand phrases.
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a contradiction. Hence a = 0, and by independence of vy, ..., v,, we get by =--- =b,, = 0.
(<) If v € Span(vy, ..., vy,), then v =" | ¢;v; for some ¢;, so
m
v — Z cv; =0
i=1
is a nontrivial linear relation among v, vy, ..., v,,, contradicting their independence. Thus
v & Span(vy, ..., Uny).

3. True or False. If you answer true, then state TRUE. If you answer false, then state FALSE.
Justify your answer with either a short proof or an explicit counterexample.

(a) Suppose V = R?**? with basis B = (l(l) 8} , lg (1)} , l(l) 8} , {8 ﬂ ) Consider the linear
3
2

transformation 7" : R?*? — R2?*2 that sends X to AX, where A = [g . The matrix of

T with respect to ‘B is

2 0 00
3200
0020
00 3 2
Solution: FALSE. Let E11, Fho, Eo1, Ebsy denote the listed basis. Compute:
5 o]
AFEy, = 0 0 =2k,
‘0 o]
AEy = 0 0 = 2F9,
5 o]
AFy = 2 ol = 3E1 + 2Ey,
:O 3:
AFEyy = 0 2| = 3E19 + 2Fs,.
21 [o 3 0
0 2 0 3
Thus the columns of [T]g are ol ol |5 ol
0] [0 0 2
20 30
020 3
[T]% - 0 O 2 O )
000 2
which is not the given matrix.




